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SUMMARY 
A scheme is  developed f o r  commanding a spacecraf t  t o  perform a precise ,  
predetermined maneuver. 
Observatory performing a raster scan over a small c e l e s t i a l  a rea .  
scan, t he  pos i t i on  e r r o r  i s  required t o  be l e s s  than a prescr ibed amount a t  
any given time. 
must be smooth t o  avoid both ve loc i ty  and pos i t ion  e r r o r s  a t  the  start of t he  
subsequent scan. To accomplish a smooth t r ans i t i on  the  s t a t e  a t  the  ends of 
t he  scan l i n e  i s  spec i f ied  and the  var ia t iona l  form of optimal cont ro l  theory 
i s  used t o  f i n d  the  command t h a t  w i l l  use the minimum amount of energy. The 
form of t h e  command from t h i s  so lu t ion  w a s  a l so  used f o r  t he  scan l i n e s  when 
the  t r a j e c t o r y  w a s  completely specif ied.  It i s  poss ib le  t o  apply t h i s  tech-  
nique t o  any given maneuver composed of specif ied t r a j e c t o r y  segments and t o  
obtain a smooth t r a n s i t i o n  from segment t o  segment. The t h e o r e t i c a l  r e s u l t s  
were developed f o r  s m a l l  angle motions of a s ing le  ax is  con t ro l l e r  and, there-  
fore ,  apply f o r  motion within a small a rea  only. 
The example considered i s  an Advanced Orbiting Solar 
During the  
To s a t i s f y  t h i s  requirement t he  t r a n s i t i o n  between scan l i n e s  
The scheme was t e s t e d  by having it control  a t ab le  mounted on a spher ica l  
gas bearing. 
command w a s  calculated by a d i g i t a l  computer. 
r e p e t i t i v e  scan along two p a r a l l e l  l i nes .  
The cont ro l  torque w a s  generated by reac t ion  wheels, and the  
The tes t  maneuver w a s  a simple 
INTRODUCTION 
Some spacecraf t  missions require  t h a t  a sensor or other  instrument 
t raverse  a p rec i se  pa th  over a region of the c e l e s t i a l  sphere. 
missions it may be convenient t o  f i x  the  instrument t o  t h e  spacecraf t  and 
maneuver the  e n t i r e  vehicle ,  as has been proposed f o r  t he  Advanced Orbiting 
Solar  Observatory (AOSO). 
scan a spec i f i c  a rea  near or within the  so la r  d i sk .  To do t h i s  the  vehicle  
moves along a s e r i e s  of p a r a l l e l  l i n e s .  
vehicle  from one l i n e  t o  another.  
which w i l l  smoothly and e f f i c i e n t l y  dr ive the vehicle  through such a segmented 
maneuver and maintain the  required pos i t ion  tolerance.  
For such 
The instruments o f  t h i s  spacecraf t  must p rec i se ly  
A t r a n s i t i o n  maneuver t r ans fe r s  the  
The control  problem i s  t o  design a system 
One approach appl ied t o  generating the  s ing le  a x i s  motion along an AOSO 
scan l i n e  is  presented i n  reference 1. 
the  cont ro l  loop, w a s  of severa l  d i f f e r e n t  nonlinear forms and contained 
The con t ro l l e r ,  which w a s  a p a r t  of 
re lays  or  proport ional  elements with sa tu ra t ion .  The reason f o r  choosing a 
r e l ay  cont ro l le r  w a s  t o  take advantage of t he  ideas of minimum time optimal 
con t ro l  and both the  r e l ay  and the  propor t iona l  elements with sa tu ra t ion  were 
used t o  cont ro l  t he  vehicle  while it moved along a scan l i n e .  The con t ro l  w a s  
designed t o  complete t h e  t r a n s i t i o n  maneuver i n  a minimum time. The cont ro l -  
l e r  therefore  used the  maximum avai lab le  torque and adjusted the  durat ion 
according t o  the  wheel speed t o  provide a smooth t r a n s i t i o n  t o  the  succeeding 
scan. This turn-around i s  e s s e n t i a l l y  an open-loop cont ro l  and depends 
s t rongly on a prec ise  knowledge of t h e  system cha rac t e r i s t i c s  f o r  proper 
operation. 
This repor t  describes another approach i n  which the  spacecraf t  con t ro l  
always operates as a closed-loop system t h a t  follows a s igna l  ca lcu la ted  by 
t h e  cont ro l le r .  The cha rac t e r i s t i c s  of t h i s  system are f ixed  and independent 
of t h e  maneuver required of t h e  vehicle .  The cont ro l  loop i s  assumed t o  con- 
s i s t  of a reac t ion  wheel dr ive with feedback proport ional  t o  pos i t i on  p lus  
r a t e .  The con t ro l l e r  i s  therefore  required t o  generate t h e  necessary input  
t o  t h i s  cont ro l  loop t o  dr ive  t h e  vehicle  with the  required performance t o l -  
erance.  When a maneuver segment i s  spec i f ied  by only t h e  end poin ts  of t he  
t r a j ec to ry ,  t he  v a r i a t i o n a l  form of optimal cont ro l  theory i s  used t o  solve 
f o r  t h e  necessary form of t h e  con t ro l l e r .  m e  same form of con t ro l l e r  input 
i s  used f o r  maneuver segments when t h e  t r a j e c t o r y  i s  completely spec i f ied  so 
t h a t  the t r a n s i t i o n  between segments w i l l  be smooth. The ana lys i s  i s  l imi ted  
t o  a small angle motion about a s ing le  axis. For maneuvers involving r o t a -  
t i o n s  about more than one ax i s ,  t h e  s ing le  a x i s  t r a j e c t o r i e s  a r e  superposed. 
As a f i n a l  p a r t  of the  study, t h e  command scheme was t e s t e d  experimen- 
Optical  sensors and r a t e  gyros were used t o  sense 
t a l l y .  I n  the  simulation, a t a b l e  mounted on a spher ica l  gas bearing was 
driven by reac t ion  wheels. 
pos i t ion  and rate. 
computer. 
The command s i g n a l  w a s  generated by an ex terna l  d i g i t a l  
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ANALYSIS 
General Problem Description 
The problem is t o  f ind  t h e  command t h a t  w i l l  f o rce  a s a t e l l i t e  with some 
s o r t  of con t ro l  system t o  perform a programmed maneuver within spec i f i ed  
constraints .  It i s  assumed t h a t  t h e  c h a r a c t e r i s t i c s  of t h e  cont ro l  system 
and s a t e l l i t e  a r e  f ixed,  so t h a t  t h e  problem i s  t o  design a con t ro l l e r  t h a t  
w i l l  supply t h e  required commands. 
shown i n  f igu re  1. 
A block diagram of t h e  complete system i s  
m e  p rec i se  ras te r -scan  motion of an AOSO w i l l  serve as an example of a 
maneuver with a spec i f ic  repeating p a t t e r n  over a region of small angular 
motion. Two general  types of motion a r e  required of each axis of t h e  vehicle .  
The f i r s t  i s  a spec i f ied  t r a j e c t o r y  given as a funct ion of time. The o ther  
i s  a motion between end poin ts  with the time of t r a n s f e r  bu t  not  t h e  t r a j e c -  
t o r y  specif ied.  
t h e  type when the  t r a j e c t o r y  i s  specif ied,  and t h e  t r a n s f e r  between l i n e s  
would be of t h e  end-point type.  
by optimal cont ro l  theory; t h e  v a r i a t i o n a l  form of optimal cont ro l  theory with 
a minimum energy cons t ra in t  w i l l  be used t o  solve t h i s  problem. A s  a means of 
providing a smooth t r a n s i t i o n  between maneuver segments t h e  bas ic  form of the  
control  that r e s u l t s  from t h e  optimal cont ro l  theory so lu t ion  w i l l  be adapted 
t o  t h e  spec i f i c  t r a j e c t o r y  por t ion  of t he  motion. The con t ro l  so lu t ion  for 
t he  en t i r e  scan motion can then be made up of a sequence of comands of the  
appropriate type. 
For an AOSO scan, t h e  motion along t h e  scan l i n e  would be of 
The end-point con t ro l  problem can be handled 
I n  t h e  analysis ,  a number of engineering choices were made as a 
consequence of using optimal cont ro l  theory t o  solve t h e  problem of t r ans fe r  
from one state point t o  another. The f irst  choice was t h e  form Of Optimal 
control  theory t o  be used. 
t h e  va r i a t iona l  form of optimal cont ro l  theory w a s  chosen. 
no bound was assumed on t h e  cont ro l  var iab le .  The second choice w a s  t h e  COS% 
T o  avoid t h e  use of on-off con t ro l l e r  inputs  
This means t h a t  
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funct ion (minimizing time or energy, and possibly some measure of t h e  system 
states) f o r  use with the  theory.  Since the  type of maneuver being considered 
i s  t o  be done i n  f ixed time, t he  choice was t o  minimize energy expended i n  the  
reac t ion  wheels f o r  a given maneuver. This c o s t  would r e l a t e  d i r e c t l y  t o  the  
o v e r a l l  weight of t he  spacecraf t  through ba t t e ry  s i z e  and s o l a r  panels 
required.  Third, there  w a s  the  choice of including t h e  pos i t i on  and r a t e  
feedback gains as a bas ic  p a r t  of t he  vehicle cont ro l  system. 
l i t e  problem being considered, t he  bas ic  p lan t  components are the  moment of 
i n e r t i a  of t he  vehicle  and t h e  reac t ion  wheel torquers .  If optimal cont ro l  
theory with the  minimum energy cos t  i s  applied t o  t h i s  p l an t ,  t he  r e s u l t s  w i l l  
general ly  be of t h e  form of e i t h e r  an open-loop command t o  the  torquers or a 
time varying feedback t o  be incorporated as a p a r t  of t h e  p l a n t .  Solutions of 
t h i s  s o r t  can be seen i n  many books on optimal con t ro l  theory.  However, t h e  
open-loop-type command is  unable t o  cope w i t h  a changing environment and i s  
sens i t i ve  t o  p l a n t  cha rac t e r i s t i c s  t h a t  are poorly defined or only approxi- 
mately described by the  mathematics. 
requires  an  i n f i n i t e  gain a t  t h e  end of the  maneuver. 
and t o  design a system t h a t  w a s  p r a c t i c a l  from an  engineering poin t  of view, 
it was decided t o  use t h e  open-loop-type approach b u t  t o  def ine the  p l an t  as 
a closed-loop system t h a t  was inherent ly  s tab le .  It was therefore  assumed 
t h a t  t he re  would be a proport ional  pos i t i on  plus rate feedback i n  operation 
for each a x i s  of the  s a t e l l i t e  and the  command for t he  maneuver would be an 
ex te rna l  input t o  t h i s  system. Yhe feedbacks allow t h e  vehicle  t o  t r ack  t h e  
command t r a j e c t o r y  despi te  ex terna l  disturbances and i r r e g u l a r i t i e s  i n  
component c h a r a c t e r i s t i c s .  
For t h e  satel- 
Also a time varying feedback usua l ly  
To avoid these problems 
Plan t  Equations 
Figure 1 shows the  i t e m s  considered as a p a r t  of t he  p l a n t  t o  be 
control led.  It i s  assumed t h a t  t h e  feedback loops shown i n  t h e  f igu re  e x i s t ;  
t he  values of t h e  gains a r e  not as ye t  specif ied.  The problem i s  t o  be con- 
s idered one a x i s  a t  a time and the  following ana lys i s  i s  f o r  a t y p i c a l  a x i s .  
The vehicle  torquing i s  t o  be done by react ion wheels, the  vehicle  pos i t i on  
i s  measured by o p t i c a l  sensors,  and the  vehicle angular r a t e  i s  measured by 
r a t e  gyros. The equations of motion are derived i n  appendix A .  
The equations of r o t a t i o n a l  motion about one axis a r e  (eq.  ( A 6 ) )  
I U  + J(&O) = Te 
The va r i ab le  a i s  t h e  angular pos i t ion  of t h e  vehicle;  w i s  t h e  reac t ion  
wheel speed r e l a t i v e  t o  t h e  vehicle;  and T e  represents  some externa l  torque 
t o  t h e  system. The remaining constants per ta in  t o  feedback gains  and other 
vehicle  cha rac t e r i s t i c s .  
For equations ( l a )  and ( l b )  t o  be used with optimal cont ro l  theory as 
normally formulated, they must be converted t o  t h e  s ta te  space matrix form 
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F = FF + DU 
kl 0 1 0 
IixdL + E r n  I+J % 
R I  - - )  R I J  RIJ 
23 0 0 0 
Three s t a t e s  a r e  necessary and a re  defined as follows: 
0 
K 
R I  
0 
(4) + - -  u 
~3 = H 
where H i s  the  t o t a l  angular momentum of t h e  vehic le  and reac t ion  wheel 
system. If t h e  ex terna l  torques a r e  assumed t o  be zero, t h e  t o t a l  angular 
momentum w i l l  then be a constant and the  p l an t  equation can be w r i t t e n  as 
These equations a r e  the  same as equations (1) but  wr i t t en  as a set  of f i r s t -  
order  d i f f e r e n t i a l  equations.  
CONTROLLER EQUATIONS 
End-Point Control 
The end-point con t ro l l e r  problem is t o  f i n d  an input ( u )  t o  the  p l an t  
t h a t  w i l l  t r a n s f e r  t he  system s t a t e  from one point  t o  another with a minimum 
power (expended i n  the  reac t ion  wheel motors).  
t h e  f i n a l  states Z(f ) a r e  given and a l so  t h e  time T during which t h e  
t r ans fe r  is t o  be made. The problem then f a l l s  i n t o  t h e  category of a f ixed  
t ime, f ixed end-point problem with no bound on the  cont ro l  va r i ab le .  The 
mathematical formulation of t he  problem is as follows. 
The i n i t i a l  s t a t e s  x(0) and 
Plant equation: * = F F + D u  ( 5 4  
(5b)  I - x = X ( O )  a t  t = o Y = Y ( f )  a t  t = T Boundary condi t ions:  
Cost funct ion:  L =  rT ( i2R)dt 
The problem i s  t o  determine ( u )  t o  minimize L. 
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The so lu t ion  t o  the  above problem i s  given i n  various forms i n  the  
l i t e r a t u r e  on optimal cont ro l .  
a necessary condition f o r  the so lu t ion  t o  the problem i s  h a t  the  following 
s e t  of matrix d i f f e r e n t i a l  equations a re  s a t i s f i e d .  
Reference 2 shows a t y p i c a l  development where 
P lan t  equation: x ' = E + D u  ( 6 4  
Adjoint equation: 
[ I  + A 1  ( E + D u )  = 0 I Control equation: a U  
with boundary conditions (5b ) .  
a r e  shown i n  appendix B. 
The details  of t he  so lu t ion  of equations (6 )  
Equations (6 )  a r e  f irst  solved f o r  the  cont ro l  ( u )  as a funct ion of 
The re su l t s  of t he  so lu t ion  t o  the  
R 
and 
funct ion of time from (6a) and (6b) .  
cont ro l  equation a r e  given by (eq.  (B4)) 
from equation ( 6 c )  and then f o r  the  s t a t e s  and ad jo in t  var iab les  as a 
The form of t h e  cont ro l  as  shown i n  equation (7)  has been modified from t h e  
d i r e c t  so lu t ion  of equation (6c)  where t h e  s t a t e  x3 has been rewr i t ten  i n  
terms of t h e  reac t ion  wheel speed w and the body angular r a t e  x2. The 
cont ro l  i n  t h i s  form i s  more convenient f o r  a p r a c t i c a l  problem because 
i s  d i r e c t l y  measurable. 
w 
With - t he  subs t i t u t ion  of the  cont ro l  (u)  i n t o  equations (6a) and (6b) ,  - 
x and A can be found a s  functions of time and t h e  i n i t i a l  and f i n a l  
boundary conditions on F. The so lu t ion  t o  t h i s  por t ion  of t h e  problem i s  
given by equations (B7)  , (B9), and (B10) . 
required t o  form the  cont ro l  are 
The p a r t s  of these equations 
2R12 2 
A&) = - A 1 ( O ) t  + h2(0) 
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The adjoint  var iab le  boundary conditions are given by 
J 
The t r a j e c t o r i e s  given by equations (8) can now be subs t i t u t ed  i n t o  
equation (7) t o  generate t h e  desired command s i g n a l  f o r  the  t r a n s f e r  of t h e  
s t a t e s .  
Trajectory Control 
Many ways could be developed f o r  dr iving the  vehicle  along t h e  prescr ibed 
pa th  during the  t r a j e c t o r y  cont ro l  po r t ion  of a scan. 
problem it seemed b e s t  t o  have t h e  con t ro l l e r  operate e s s e n t i a l l y  t h e  same 
during t h e  t r a j e c t o r y  cont ro l  as during t h e  end-point cont ro l  i n  order t o  
provide a smooth t r a n s i t i o n  between t h e  various segments of t he  scan. There- 
fo re ,  the cont ro l  form i s  taken t o  be t h e  same as given by equation ( 7 ) ,  which 
i s  repeated below. 
But f o r  t h e  scanning 
Since there  i s  a prescr ibed t r a j ec to ry ,  x1 and x2 a r e  spec i f ied  as a funct ion 
of time, bu t  A2 
t r a j ec to ry .  The re la t ionship  between h2 and t h e  state var iab les  can be seen 
from equation (B6a)  
i s  unknown and must be spec i f ied  as a funct ion of t h e  
x 2 = - -  K2 A 2  
2R12 
Equation (10) y i e lds  h2 as a funct ion of &, t he  acce lera t ion  of t h e  
vehicle  along the  prescr ibed path.  
s t r a i n t  problem then becomes 
The con t ro l  equation f o r  t h e  p a t h  con- 
K a X l  - Kdlx2 f (11) u =  - - &  R I  - K 
Error  Analysis 
Equation (7)  is  a command s igna l  (u )  t o  dr ive  a s a t e l l i t e  with a 
prescribed maneuver. The maneuver spec i f i ca t ion  requires  t h a t  t h e  e r r o r  
between the desired t r a j e c t o r i e s  and t h e  a c t u a l  vehicle  motion be small; 
consequently, it i s  des i rab le  t o  inves t iga te  t h e  e r r o r  behavior of t h e  system 
during a maneuver. Because the  form of t h e  command i s  the  same f o r  both t h e  
end-point and t r a j e c t o r y  control led motions, one e r r o r  ana lys i s  w i l l  do f o r  
8 
. 
both.  When t h e  end poin ts  of a given Segment a r e  specif ied,  t he  vehicle  must 
follow a f ixed t r a j ec to ry ;  hence both commands a c t u a l l y  become the t r a j e c t o r y  
type. 
The e r r o r  between the  commanded and the a c t u a l  vehicle  motion can be 
defined by t h e  following: 
€ = x1 - X l C  
The command equation can be rewri t ten i n  the form 
Using t h e  e r r o r  de f in i t i on  and t h e  command equation as wr i t t en  above with the  
p l an t  equation (1) gives the  following error equation: 
This equation can be wr i t t en  i n  a more convenient form by use of t h e  Laplace 
transform. 
The e r r o r  shown by equation (15)  depends only on the  i n i t i a l  conditions of t h e  
e r r o r  and e r r o r  rate and on the  ex terna l  torques on t h e  vehicle  and not on the  
t r a j e c t o r y  t o  be followed. Consequently, the command system developed 
s impl i f ies  t h e  mechanization of a system considerably because t h e  system 
dynamic c h a r a c t e r i s t i c s  may be set  (by adjust ing the  feedback ga ins)  while 
t h e  vehicle  i s  holding some f ixed  a t t i t u d e  or n u l l  pos i t i on  t o  give the  
desired e r r o r  performance. If f o r  example E(O) ,  i ( O ) ,  and Te(S) a r e  zero, 
t h e  maneuver w i l l  be ca r r i ed  out without any dynamic e r r o r .  Further,  i f  a 
t r a n s i e n t  disturbance during a maneuver drives t h e  system away from t h e  
desired path,  t h e  cont ro l  w i l l  a c t  t o  re turn t h e  vehicle  t o  t h i s  path.  
Control System Operation 
Once t h e  complete t r a j e c t o r y  has been defined, t he  cont ro l  operates t o  
follow t h e  t r a j e c t o r y  calculated by t h e  cont ro l le r .  
s igna l  from t h e  con t ro l l e r  cons is t s  of terms proport ional  t o  t h e  desired 
acce lera t ions ,  r a t e ,  and pos i t i on  p lus  a term proport ional  t o  t h e  back emf 
of t h e  reac t ion  wheel motor. This s i g n a l  is summed with pos i t i on  and rate 
feedbacks generated within the  p l an t  t o  form t h e  s i g n a l  t o  t h e  reac t ion  wheel 
motor. If conditions are idea l ,  t h a t  is, there  a re  no ex te rna l  disturbances,  
no i n i t i a l  e r r o r s  i n  pos i t i on  and r a t e ,  and a l l  the  components a r e  exac t ly  
as mathematically described, t h e  pos i t i on  and r a t e  command s igna ls  w i l l  be 
A t  a given time, t he  
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equal and opposite t o  t h e  feedback s igna ls .  Therefore, t h e  input t o  the  
react ion wheel w i l l  be only the  accelerat ion and back-emf s igna ls .  If, how- 
ever, a pos i t ion  or r a t e  e r r o r  does e x i s t ,  the  pos i t ion  and rate feedback w i l l  
cause a n  e r r o r  s igna l  which w i l l  sum with the  accelerat ion command and dr ive 
the  vehicle toward the  prescribed t r a j e c t o r y .  
!The presence of a continuous acce lera t ion  command i n  the  control. scheme 
developed i n  t h i s  report  i s  one of t h e  p r i n c i p a l  differences between it and 
the  scheme developed i n  reference 1. The requirement t h a t  t h e  cont ro l  ele- 
ments be of t h e  proport ional  type i n  t h e  present  study can be considered merely 
a matter of choice. I f  nonlinear elements were present  i n  t h e  p o s i t i o n  and 
rate er ror  s ignals ,  as they a r e  i n  t h e  cont ro l  developed i n  reference 1, the  
s t ructure  of the  command s i g n a l  would remain t h e  same; t h a t  i s ,  the  acce ler -  
a t i o n  and back-emf terms would remain unchanged, and the  r a t e  and p o s i t i o n  
terms would cancel those generated by t h e  p l a n t  under i d e a l  conditions.  For 
an AOSO type scanning motion, the operation of both cont ro l le rs  during t h e  
scan l ine  motion i s  b a s i c a l l y  the same because no acce lera t ion  is  required.  
The command s igna ls  d i f f e r  when an accelerat ion i s  required, such as during 
the  l i n e  change maneuver. I n  the control  developed i n  reference 1, the input 
s igna l  is shaped t o  s a t u r a t e  the  input t o  the  torque motor t o  cause maximum 
torque. Various shaping schemes are used t o  minimize the  e r r o r  a t  t h e  s tar t  
of the subsequent scan. I n  the  present  development, t h e  t r a n s i t i o n  between 
scan l ines  is s h y l y  a t r a j e c t o r y  which requires  an acce lera t ion  command. 
This accelerat ion command plus  the  tachometer feedback s i g n a l  provide exact ly  
the  same input t o  the  react ion wheel as t h e  sa tura t ion  command required i n  
reference 1. The difference i s  t h a t  t h e  sa tura t ion  command employed i n  
reference 1 is e s s e n t i a l l y  an open-loop operation f o r  which t h e  system char- 
a c t e r i s t i c s  must be known precisely,  p a r t i c u l a r l y  the  var ia t ion  of torque with 
applied voltage; whereas the  command developed i n  t h i s  repor t  includes a pos i -  
t i o n  and r a t e  e r r o r  s i g n a l  which w i l l  dr ive the  vehicle  toward t h e  desired 
t ra jec tory .  
EXPERIMENT 
The control. scheme w a s  t e s t e d  f o r  a scanning motion similar t o  t h a t  of an 
The geom- 
AOSO. 
t h e  spacecraft ,  and a d i g i t a l  computer w a s  used f o r  t h e  c o n t r o l l e r .  
e t r y  of the scan motion performed by t h e  a i r  bearing t a b l e  ( f i g .  2 )  w a s  not 
precisely the same as an AOSO scan because of hardware l imi ta t ions .  
An air bearing t a b l e  with react ion wheel torquers w a s  used t o  simulate 
The bas ic  requirement of the  scan motion is  t h a t  the  vehicle  r o t a t e  
about the y a w  axis a t  a constant r a t e  of 3.6 a r c  minutes/second over a given 
scan width (18 a r c  min f o r  the  experiment) while t h e . p i t c h  p o s i t i o n  is  held 
t o  a p a r t i c u l a r  value.  The roll a x i s  i s  t o  be held t o  zero a t  a l l  times 
during the scan. For the  motion along a scan l i n e ,  the  path i s  given as a 
function of time. 
rate and s tep  t o  a new p i t c h  pos i t ion  ( t h e  p i t c h  change i s  2 a r c  min). 
t h e  end points  and t h e  time of t r a n s f e r  a r e  spec i f ied  f o r  t h i s  por t ion  of t h e  
scan, and both t h e  p i t c h  and yaw motion occur simultaneously and must be 
A t  the  end of a scan l i n e  t h e  vehicle  must reverse yaw 
Only 
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completed i n  4 see.  It was a l s o  necessary t o  include start and stop commands 
(assumed t o  be of the  end-point type) which would move the  vehicle i n t o  the  
scan from a zero pos i t ion  and re turn  it t o  t h i s  pos i t ion  a t  the  completion of 
the  scan. 
Experimental Equipment 
Spacecraft  simulator. - The a i r  bearing t a b l e  (simulating the spacecraf t )  
with t h e  various dr ive components onboard is  shown i n  f igures  3(a)  and 3 ( b ) .  
This t a b l e  is  supported on a spher ica l  gas bearing. The pos i t ion  reference 
f o r  the  t a b l e  w a s  obtained from t h e  two opt ica l  sensors shown. Both were 
s o l i d  s t a t e  photocel l  type detectors  r i g i d l y  at tached t o  the t a b l e .  
and y a w  s igna ls  were obtained from one sensor and roll from the other .  
s i z e  of t h e  scan and t h e  accuracy with which the  scan could be performed was 
l imited by t h e  c h a r a c t e r i s t i c s  of the  opt ica l  sensors.  The l i n e a r i t y  of the  
sensor output w a s  t h e  l i m i t  on the  accuracy of t h e  scan and was about kO.5 
a r c  minute. A f t e r  one s tage of amplification on the  tab le ,  the  sensor output 
s igna ls  were sent ,  through the  wires shown on f igure  3, t o  the  d i g i t a l  com- 
puter  through analog t o  d i g i t a l  (A/D) converters. 
P i t c h  
The 
The torquers  were heavy metal  flywheels driven by de torque motor dr ivers .  
m, lrle d~i2v-e s igna1 f o r  t~rqcsi-s %-as geyLeyated t h e  d i g i t a l  copP>dter, copL- 
ver ted t o  an analog s igna l  by a D/A converter, and sen t  t o  t h e  torque motors 
through de power amplif iers .  
The motor c h a r a c t e r i s t i c s  were such t h a t  the back-emf e f f e c t s  were s m a l l  and 
t h e  lack of a cancell ing s i g n a l  i n  t h e  command had l i t t l e  e f f e c t .  
No tachometer loop w a s  used with the  motors. 
System damping w a s  provided by a r a t e  gyro package which measured the 
angular rates of t h e  t a b l e  about t h e  three  control  axis.  
f o r  damping w a s  assumed i n  the t h e o r e t i c a l  development.) 
s igna ls  were s e n t  t o  t h e  computer f o r  error summation b u t  t h e  r a t e  s igna ls  
were not .  An i n i t i a l  attempt t o  sum the  ra te  s igna ls  i n  the computer resu l ted  
i n  poor performance because noise on the gyro output caused d i f f i c u l t i e s  with 
the A/D conversion of t h e  s igna l .  
fed  d i r e c t l y  t o  t h e  de power amplif iers  on the a i r  bearing t a b l e  and summed 
a t  t h a t  po in t  with t h e  computer output. E l e c t r i c a l  s igna ls  between t h e  air  
bearing t a b l e  and t h e  computer were transmitted through f i n e  wires t o  the  
t a b l e  from d i r e c t l y  overhead. 
t a b l e .  Since the  angle motion of the scan w a s  s m a l l  and the  wires were very 
f ine ,  t h e  torques were negl igible  and the wires provided a grea t  convenience 
because they eliminated t h e  need f o r  b a t t e r i e s  and telemetry equipment. 
(The use of gyros 
The pos i t ion  
To avoid the  problem, the r a t e  s i g n a l  w a s  
These wires a l s o  supplied e l e c t r i c  power t o  the 
The following i s  a l i s t  of the various i n e r t i a s  of the  t a b l e  and 
react ion wheels and of the  motor charac te r i s t ics .  
t h e  i n e r t i a s  about each of t h e  cont ro l  axes were d i f f e r e n t ,  but  the  react ion 
wheel c h a r a c t e r i s t i c s  were a l l  the same. 
For t h e  a i r  bearing t a b l e ,  
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A i r  bearing t ab le .  
1,011 = 39 kg-m2 
$ i t ch  = 26 kg-m2 
S r a w  = 71 kg-m2 
Reaction wheels. 
J = 0.011 kg-m2 
S t a l l  Torque = 0.28 N-m 
Time Constant = 15 see 
Max. r p m  = 400 rad/sec 
Computer.- A l l  of t he  con t ro l l e r  log ic  f o r  the  command s igna l  generation 
and the  e r r o r  summation (with the  exception of t h e  r a t e  s igna l )  w a s  i n  t he  
d i g i t a l  computer and the  computer acted as an on-l ine real- t ime con t ro l l e r .  
The computer used f o r  t he  experiment w a s  an SDS 920. 
diagram of the computer operations f o r  t he  yaw a x i s  ( t h e  p i t c h  a x i s  operations 
a r e  s i m i l a r ) .  
Figure 4 i s  a block 
The computer was programmed with a combination of Fortran and symbol 
language. The command s igna l  generation and the  e r r o r  summation were i n  
Fortran.  The input-output rout ines  used symbol language. Fortran w a s  
se lected so t h a t  the  program could be modified e a s i l y .  
necessary during the  t e s t s  t o  change the  gain constant t o  match t h e  command 
s i g n a l  cha rac t e r i s t i c s  t o  those of t he  t a b l e  t o  minimize performance e r r o r .  
For the  operation of the  scanning motion, the  frequency with which the  computer 
cycled through the  program from input t o  output w a s  about 12 Hz. To avoid a 
s t a b i l i t y  problem it was necessary t o  keep the  na tu ra l  frequency of motion 
about each of t he  t ab le  axes below 1 Hz. The e f f e c t  on t e s t i n g  w a s  t o  l i m i t  
t he  feedback gains and hence the  minimum e r r o r  of t he  system. 
It was f requent ly  
Test Procedures and Results 
One problem of the  experiment w a s  the  matching of t he  command s i g n a l  t o  
the  cha rac t e r i s t i c s  of t he  various components on board the  a i r  bearing t a b l e  
i n  order t o  optimize the  t a b l e  performance. 
t e s t  runs i s  taken t o  mean ad jus t ing  t h e  input command shape s o  t h a t  t h e  
difference between t h e  commanded t r a j e c t o r y  and the  a c t u a l  t r a j e c t o r y  w a s  as 
s m a l l  as poss ib le .  The ad jus tab le  quan t i t i e s  on the  input command w e r e  t h e  
values of t h e  feedback gains and t h e  motor torque gains .  I n i t i a l  values of 
these  gains were computed from c a l i b r a t i o n  data  on the  various components and 
were then varied as necessary f o r  t h e  b e s t  performance. 
Optimization f o r  these  p a r t i c u l a r  
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Typical outputs f o r  two runs after the  gains had been s e t  a r e  shown i n  
f igures  5 and 6 .  Figures 5(a)  and 6 ( a )  present time h i s t o r i e s  f o r  a scan 
motion t'nat went once around t h e  scan loop and t'nen returned t o  zero, and 
f igures  5(b)  and 6 ( b )  present  similar data  f o r  a scan t h a t  went twice around 
t h e  loop. I n  f igu re  5 p l o t s  of yaw and p i t ch  motion show the  basic  geometry 
of t he  scan. Figure 6 i s  a s t r i p  char t  recording of t he  motion of the  a i r  
bearing t a b l e  as a funct ion of time. The t races  i n  f igures  5 and 6 are out- 
pu ts  from the  computer D/A converters.  
t r a c e s  show t h e  quant izat ion of the d i g i t a l  computer. 
I n  addi t ion t o  s igna l  noise, the  
A t  t h e  start of a scan it w a s  necessary t o  have the  reac t ion  wheels 
ac t ive ly  cont ro l l ing  the  t a b l e  on a l l  three axes and holding a zero pos i t ion .  
The zero i n  t h i s  case w a s  not a spec i f ied  geometric posi t ion,  bu t  was wherever 
t he  t ab le  w a s  or iented.  While t h i s  zero pos i t ion  w a s  held the  computer func- 
t i o n  was t o  c lose the  pos i t i on  loops f o r  the th ree  axes and t o  generate t h e  
necessary d r ive  s igna ls  f o r  t he  reac t ion  wheel motors. The command input (u )  
w a s  zero a t  t h i s  time. 
were then set t o  hold zero as c lose ly  as possible .  
d i g i t a l  computer imposed a l i m i t  on the  pos i t ion  feedback gains and therefore  
l imi ted  the  a b i l i t y  of t h e  system t o  keep the a t t i t u d e  within a given e r ro r .  
With t h e  gains  a t  t h e  maximum p r a c t i c a l  value, t he  system na tu ra l  frequency, 
from observation of t h e  pos i t ion  e r r o r  s ignal ,  w a s  about 1 Hz. This per for -  
m ~ n n n  U-LLL. L ef t he  a i r  b e a r h g  tzble c m  be s e e z b y  the traces G:: the left er,d of 
f igu re  6 where time w a s  taken t o  be zero at t h e  beginning of t he  scan motion. 
During t h e  zero hold phase the  con t ro l  system held t h e  t a b l e  within about 
+lo a r c  sec.  This f igu re  is  only a qua l i t a t ive  measure of t h e  operation of 
t he  cont ro l  system. The sensor output i s  only l i n e a r  t o  kO.5 a r c  min, and 
hence measurements below t h i s  f i gu re  are only approximate. 
The pos i t ion  feedback gains and t h e  system damping 
The cycle time of t he  
A scan motion was s t a r t e d  by having the computer generate the  required 
command s i g n a l  t o  sum i n t o  the  feedback loup. During t h e  scan a l l  t h e  gains 
and cont ro l  loop cha rac t e r i s t i c s  remained as they had been f o r  t h e  zero hold 
operation. The response of t he  a i r  bearing t a b l e  t o  the  commanded t r a j e c t o r y  
i s  shown by t h e  t r a c e s  of a c t u a l  p i t c h  and yaw pos i t i on .  A s  can be seen from 
f igu re  6, t he  motion of t h e  t ab le  duplicated the  required motion very wel l .  
The yaw and p i t c h  e r r o r  t r aces  show the  difference between t h e  commanded 
pos i t i on  and t h e  a c t u a l  pos i t ion .  Ideal ly ,  t he  e r r o r  curve should be t h e  same 
whether or not  t h e  t a b l e  i s  scanning or  holding zero. The e r r o r  t r aces  show 
t h a t  t h e  con t ro l  scheme performed qui te  well  i n  t h i s  respect .  The p i t c h  axis 
i n  p a r t i c u l a r  held very near ly  t h e  same error l e v e l  during the scan as during 
t h e  zero hold operation. 
va r i a t ion  of t h e  e r r o r  was caused by the  scan motion. 
d i r e c t l y  r e l a t e d  t o  the  yaw pos i t i on  and repeats throughout t h e  scan, and i s  
due t o  a nonl inear i ty  i n  the  yaw sensor output s igna l .  
system w a s  unable t o  t r ack  the  r e su l t i ng  s igna l  without an e r ro r .  The obvious 
so lu t ion  t o  t h e  problem i s  a sensor with b e t t e r  output cha rac t e r i s t i c s ,  such 
as a gimbaled device with a high p r e c i s i o n p i c k  o f f .  
problem, t h e  cont ro l  system w a s  ab le  t o  hold the  yaw e r r o r  t o  less than rt3O 
a r c  sec.  
The y a w  axis performance was a l s o  good but  some 
This e r r o r  va r i a t ion  i s  
The t a b l e  cont ro l  
Despite t h i s  sensor 
CONCLUDING REMAELS 
I n  the preceding analysis ,  a command scheme has been developed which w i l l  
permit the precise  control  of a s a t e l l i t e  performing a predetermined maneuver. 
The r e s u l t s  of the analysis  showed t h a t  a s a t i s f a c t o r y  control. scheme would 
be t o  use a proportional type c o n t r o l l e r  t o  dr ive the  vehicle  along the  desired 
t r a j e c t o r y  with zero e r r o r .  The so lu t ion  of t h e  problem used the v a r i a t i o n a l  
form of o p t i m a l  control  t o  provide the  cont ro l  input f o r  t h e  maneuver segment 
where only t h e  end points  of the maneuver and time of t r a n s f e r  a r e  spec i f ied .  
To provide a smooth t r a n s i t i o n  between segments of a maneuver, t h i s  same form 
of control was used f o r  t h e  maneuver segment where the  t r a j e c t o r y  t o  be f o l -  
lowed was given. The control  included feedback loops t o  dr ive t h e  vehicle  
back onto t h e  desired t r a j e c t o r y  i n  t h e  case of ex terna l  disturbance or i n i t i a l  
e r r o r s .  
The t h e o r e t i c a l  cont ro l  scheme w a s  t e s t e d  f o r  a three  a x i s  cont ro l  system 
with an a i r  bearing t a b l e  t o  simulate the  spacecraf t .  The t a b l e  w a s  driven 
by react ion wheel torquers and had o p t i c a l  sensors and r a t e  gyros f o r  t h e  
pos i t ion  and r a t e  measurements, respect ively.  The t h e o r e t i c a l  command input 
t o  t h e  air  bearing t a b l e  w a s  formulated from the  analysis  programed on a 
d i g i t a l  computer. The d i g i t a l  computer acted as a s i g n a l  generator f o r  t h e  
comand and a l s o  closed the  cont ro l  loops f o r  the  vehicle  cont ro l  system, and 
w a s  therefore an on-line,  real-t ime cont ro l le r  f o r  the  a i r  bearing t a b l e .  The 
maneuver prescribed f o r  the  t a b l e  t o  perform w a s  a two l i n e  r a s t e r  scan which 
w a s  a s implif icat ion of t h a t  f o r  an AOSO. The t e s t  r e s u l t s  showed t h a t  t h e  
cont ro l  scheme did force t h e  t a b l e  t o  perform the  required maneuver and t h a t  
the  e r ror  i n  tracking the  desired t r a j e c t o r y  w a s  s m a l l .  
Ames Research Center 
National Aeronautics and Space Administration 
Moffett Field,  Calif. 94035, Jan. 24, 1967 
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APPENDIX A 
PLANT EQUATIONS 
The p l a n t  t o  be controlled i s  composed of the vehicle i n e r t i a ,  the 
reac t ion  wheel torquer, and the pos i t ion  and r a t e  feedback. For one a x i s  of 
the  vehicle  plus  the  react ion wheel, the t o t a l  angular momentum with respect  
t o  i n e r t i a l  space, expressed i n  the vehicle coordinate system, i s  
H = IR + J(R+u) ( A l )  
where I i s  the  t o t a l  moment of i n e r t i a  of t h e  vehicle without the react ion 
wheel, J i s  t h e  react ion wheel moment of i n e r t i a ,  and w i s  t h e  wheel speed 
measured r e l a t i v e  t o  t h e  vehicle.  Different ia t ing equation ( A l )  with respect  
t o  time and equating the  momentum change t o  t h e  ex terna l  torques, with t h e  
assumption of s m a l l  angular motion (.Q = b ) ,  we obtain the  equation of motion 
The react ion wheel i s  driven by a dc motor and i t s  accelerat ion when 
current is qplieci_ is given hy 
K i  = J(E+&) (A3  1 
The current  t o  the  motor i s  re la ted  t o  the applied voltage by equation ( A 4 ) .  
The applied voltage is  taken t o  be the  sum of t h e  pos i t ion  and r a t e  feedback, 
and an input command ( u )  . The term IQL i s  the  back emf of  the  motor. 
e = i R  + Kmw = K& + K&& + u ( A 4 )  
It has been assumed t h a t  the feedback gains i n  equation (Ab)  are l i n e a r .  
assumption i s ,  i n  general, not required but makes the analysis  simpler. The 
only requirement f o r  the  so lu t ion  is t h a t  the feedback c h a r a c t e r i s t i c s  be 
known. 
This 
The input current  t o  the  react ion wheel motors may be expressed as 
Equation (A2) combined with 
of equations f o r  describing 
equations (A3)  and ( A 5 )  gives t h e  following s e t  
the  ro ta t iona lmot ion  of one a x i s  of the  p l a n t .  
APPENDIX B 
END-POINT CONTROL SOLUTION 
The required steps for solving the end-point control problem are to solve 
equation (6c) for (u) as a function of the state variables (Z) and the adjoint 
variables (A). The control (u) is then substituted into equations (6a) and 
(6b) and the resulting set of differential equations solved for (Y) and (7) 
as a function of time and the boundary conditions on (F). 
To solve the control equation it is necessary to know the cost-function 
integrand in terms of the problem variables. Using equations (5c) and (A5) 
Equation (4) and the integrand of equation (Bl) may now be substituted into 
equation (6c) to solve for (u). 
The control (u) is thus a function of one of the adjoint variables h2 and 
all three of the state variables. 
constant angular momentum, is known. 
necessary to solve f o r  the adjoint variable, h2, and the trajectory to be 
followed as a function of the end points and the time of control. 
Of these four variables, only (x3), the 
In order to use the control it will be 
Equation (B2) can be simplified if it is noted from the angular 
momentum equation that 
Substituting equation (B3) into equation (B2) gives 
This equation shows that the desired control is composed of four terms, two 
of which effectively cancel the position and rate feedback as far as the 
reaction wheel input is concerned. The remaining terms include one which can 
be considered a tachometer feedback to match the voltage of the back emf and 
one which is due to an unknown term h2. 
The next step is to solve equations (6a) and (6b) for 3T and 'i; as 
functions of time. They will be given in terms of the initial and final 
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boundary conditions on (x). 
equation (6b) ,  t h e  following equations r e s u l t :  
If the  indicated operations a re  performed on 
If the  con t ro l  (u)  given by equation (B2) i s  now subs t i t u t ed  i n t o  equations 
( B 5 )  and (4), t he  p l a n t  and ad jo in t  equations reduce t o  t h e  following simple 
form: 
P lan t  equations 
Adjoint equations 
x1 = x2 
22 = - (2) h2 } 
1 ?3 = 0 
A 1  = 0 
A 2  = -A1 
A 3  = 0 
The e f f e c t  of t h e  cont ro l  has been t o  reduce the p l a n t  equations t o  those of 
a simple r i g i d  body with a torque proport ional  t o  
are a l s o  simple and can be readi ly  integrated and subs t i t u t ed  i n t o  the  p l a n t  
equations t o  give the  desired t r a j e c t o r i e s .  
gives 
A2. The ad jo in t  equations 
Solving the  ad jo in t  equation 
A 1  = A d o )  ( B7a ) 
A2  = - A 1 ( O ) t  + A 2 ( 0 )  ( B7b ) 
with t h e  unknown boundary conditions Ai(0) .  Subs t i tu t ing  equations (B7) 
i n t o  (B6a) gives 
x1 = x2 
x2 = 
Integrating these equations gives 
x1  = - 
Both t h e  i n i t i a l  and the  f i n a l  boundary conditions f o r  t h e  s t a t e  var iab les  and 
the  control time T t o  the  end poin t  F(T) a r e  known for equations ( B 9 ) .  
Hence, t h e  i n i t i a l  conditions on the  ad jo in t  var iables  can be found. 
\ 
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Figure 2 . -  P lo t s  of scan motion. 
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(a)  Scan motion; one loop. 
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(b)  Scan motion; two loops.  
Figure 5 . -  Real-time record of yaw and p i t c h  pos i t ion  during a scan run.  
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(a) Scan motion, one loop. 
Figure 6.- S t r i p  char t  recording of scan motion. 
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